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Abstract
We give different representations of the solutions of the Johnson equation
with parameters. First, an expression in terms of Fredholm determinants is
given; we give also a representation of the solutions written as a quotient
of wronskians of order 2N . These solutions of order N depend on 2N −
1 parameters. When one of these parameters tends to zero, we obtain N
order rational solutions expressed as a quotient of two polynomials of degree
2N(N + 1) in x, t and 4N(N + 1) in y depending on 2N − 2 parameters.
Here, we explicitly construct the expressions of the rational solutions of order
5 depending on 8 real parameters and we study the patterns of their modulus
in the plane (x, y) and their evolution according to time and parameters ai
and bi for 1 ≤ i ≤ 4.
Key Words : Johnson equation, Fredholm determinants, wronskians, rational
solutions, rogue waves.
PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd
1 Introduction
We consider the Johnson equation which can be written in the form
(ut + 6uux + uxxx +
u
2t
)x − 3
uyy
t2
= 0, (1)
where subscripts x, y and t denote partial derivatives.
Johnson introduced this equation in a paper written in 1980 [1] to describe waves
surfaces in shallow incompressible fluids [2, 3]. This equation was widely accepted,
and was later derived for internal waves in a stratified medium [4]. The physical
model of this equation have the same degree of universality as the Kadomtsev-
Petviashvili (KP) equation [5].
Johnson constructed the first solutions in 1980 [1]. Some time later in 1984,
Golinko, Dryuma, and Stepanyants found other types of solutions [6]. Another
approach to study this equation was given in 1986 [7] by giving a connection be-
tween solutions of the (KP) equation and solutions of the Johnson equation. The
use of Darboux transformation gave other type of solutions given in [8]. More re-
cently, the extension to the elliptic case has been considered [9] in 2013.
In the following, we recall the representation of the solutions in terms of Fredholm
determinants of order 2N depending on 2N − 1 parameters. We also recall the
expression in terms of wronskians of order 2N with 2N − 1 parameters. These
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representations allow to obtain an infinite hierarchy of solutions to the Johnson
equation, depending on 2N − 1 real parameters and rational solutions to the equa-
tion, when a parameter tends towards 0.
Here we construct rational solutions of order 5 depending on 8 parameters, and the
representations of their modulus in the plane of the coordinates (x, y) according to
the real parameters ai and bi for 1 ≤ i ≤ 4 and time t.
The solutions are given without initial conditions nor boundary conditions.
We give three methods to construct solutions to the Johnson equation. The more
efficient method to construct solutions of the Johnson equation is that correspond-
ing to the representation in terms of degenerate determinants (the third one in
the text, without limit) followed by that given in terms of wronskians. The less
efficient is that given in terms of Fredholm determinants.
The method used to construct the figures given in the third section is that using
the degenerate determinants (without limit, the third one).
2 Rational solutions to the Johnson equation of
order N depending on 2N − 2 parameters
2.1 Families of rational solutions of order N depending on
2N − 2 parameters
We define real numbers λj such that −1 < λν < 1, ν = 1, . . . , 2N which depend
on a parameter ǫ which will be intended to tend towards 0; they can be written as
λj = 1− 2ǫ
2j2, λN+j = −λj , 1 ≤ j ≤ N, (2)
The terms κν , δν , γν and xr,ν are functions of λν , 1 ≤ ν ≤ 2N ; they are defined by
the formulas :
κj = 2
√
1− λ2j , δj = κjλj , γj =
√
1−λj
1+λj
,;
xr,j = (r − 1) ln
γj−i
γj+i
, r = 1, 3, τj = −12iλ
2
j
√
1− λ2j − 4i(1− λ
2
j )
√
1− λ2j ,
κN+j = κj , δN+j = −δj , γN+j = γ
−1
j ,
xr,N+j = −xr,j , , τN+j = τj j = 1, . . . , N.
(3)
eν 1 ≤ ν ≤ 2N are defined in the following way :
ej = 2i
(∑1/2M−1
k=1 ak(je)
2 k+1
− i
∑1/2M−1
k=1 bK(je)
2 k+1
)
,
eN+j = 2i
(∑1/2M−1
k=1 ak(je)
2 k+1
+ i
∑1/2M−1
k=1 bk(je)
2 k+1
)
, 1 ≤ j ≤ N,
ak, bk ∈ R, 1 ≤ k ≤ N.
(4)
ǫν , 1 ≤ ν ≤ 2N are real numbers defined by :
ǫj = 1, ǫN+j = 0 1 ≤ j ≤ N. (5)
Let I be the unit matrix and Dr = (djk)1≤j,k≤2N the matrix defined by :
dνµ = (−1)
ǫν
∏
η 6=µ
(
γη + γν
γη − γµ
)
exp(κνx+ (
κνy
12
− 2δν)yt+ 4iτνt+ xr,ν + eν). (6)
Then we have the following result :
Theorem 2.1 The function v defined by
v(x, y, t) = −2
|n(x, y, t)|
2
d(x, y, t)2
(7)
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where
n(x, y, t) = det(I +D3(x, y, t)), (8)
d(x, y, t) = det(I +D1(x, y, t)), (9)
and Dr = (djk)1≤j,k≤2N the matrix
dνµ = (−1)
ǫν
∏
η 6=µ
(
γη + γν
γη − γµ
)
exp(κνx+ (
κνy
12
− 2δν)yt+ 4iτνt+ xr,ν + eν). (10)
is a solution to the Johnson equation (1), depending on 2N − 1 parameters ak, bh,
1 ≤ k ≤ N − 1 and ǫ.
We give now the expressions of the solutions to the Johnson equation in terms
of wronskians. For this, we define the following notations :
φr,ν = sinΘr,ν , 1 ≤ ν ≤ N, φr,ν = cosΘr,ν , N + 1 ≤ ν ≤ 2N, r = 1, 3, (11)
with the arguments
Θr,ν =
−iκνx
2 + i(
−κνy
24 + δν)yt− i
xr,ν
2 + 2τνt+ γνw − i
eν
2 , 1 ≤ ν ≤ 2N. (12)
We denote Wr(w) the wronskian of the functions φr,1, . . . , φr,2N defined by
Wr(w) = det[(∂
µ−1
w φr,ν)ν, µ∈[1,...,2N ]]. (13)
We consider the matrix Dr = (dνµ)ν, µ∈[1,...,2N ] defined in (10).
Then we have the following statement :
Theorem 2.2 The function v defined by
v(x, y, t) = −2
|W3(φ3,1, . . . , φ3,2N )(0)|
2
(W1(φ1,1, . . . , φ1,2N )(0))
2
is a solution to the Johnson equation depending on 2N − 1 real parameters ak, bk
and ǫ, with φrν defined in (11)
φr,ν = sin(
−iκνx
2 + i(
−κνy
24 + δν)yt− i
xr,ν
2 + 2τνt+ γνw − i
eν
2 ), 1 ≤ ν ≤ N,
φr,ν = cos(
−iκνx
2 + i(
−κνy
24 + δν)yt− i
xr,ν
2 + 2τνt+ γνw − i
eν
2 ), N + 1 ≤ ν ≤ 2N, r = 1, 3,
κν , δν , xr,ν , γν , eν being defined in(3), (2) and (4).
We can deduce rational solutions to the Johnson equation as a quotient of two
determinants.
We use the following notations :
Xν =
−iκνx
2
+ i(
−κνy
24
+ δν)yt− i
x3,ν
2
+ 2τνt+ γνw − i
eν
2
,
Yν =
−iκνx
2
+ i(
−κνy
24
+ δν)yt− i
x1,ν
2
+ 2τνt+ γνw − i
eν
2
,
for 1 ≤ ν ≤ 2N , with κν , δν , xr,ν defined in (3) and parameters eν defined by (4).
We define the following functions :
ϕ4j+1,k = γ
4j−1
k sinXk, ϕ4j+2,k = γ
4j
k cosXk,
ϕ4j+3,k = −γ
4j+1
k sinXk, ϕ4j+4,k = −γ
4j+2
k cosXk,
(14)
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for 1 ≤ k ≤ N , and
ϕ4j+1,N+k = γ
2N−4j−2
k cosXN+k, ϕ4j+2,N+k = −γ
2N−4j−3
k sinXN+k,
ϕ4j+3,N+k = −γ
2N−4j−4
k cosXN+k, ϕ4j+4,N+k = γ
2N−4j−5
k sinXN+k,
(15)
for 1 ≤ k ≤ N .
We define the functions ψj,k for 1 ≤ j ≤ 2N , 1 ≤ k ≤ 2N in the same way, the
term Xk is only replaced by Yk.
ψ4j+1,k = γ
4j−1
k sinYk, ψ4j+2,k = γ
4j
k cosYk,
ψ4j+3,k = −γ
4j+1
k sinYk, ψ4j+4,k = −γ
4j+2
k cosYk,
(16)
for 1 ≤ k ≤ N , and
ψ4j+1,N+k = γ
2N−4j−2
k cosYN+k, ψ4j+2,N+k = −γ
2N−4j−3
k sinYN+k,
ψ4j+3,N+k = −γ
2N−4j−4
k cosYN+k, ψ4j+4,N+k = γ
2N−4j−5
k sinYN+k,
(17)
for 1 ≤ k ≤ N .
The following ratio
q(x, t) :=
W3(0)
W1(0)
can be written as
q(x, t) =
∆3
∆1
=
det(ϕj,k)j, k∈[1,2N ]
det(ψj,k)j, k∈[1,2N ]
. (18)
The terms λj depending on ǫ are defined by λj = 1− 2jǫ
2. All the functions ϕj,k
and ψj,k and their derivatives depend on ǫ. They can all be prolonged by continuity
when ǫ = 0.
We use the following expansions
ϕj,k(x, y, t, ǫ) =
N−1∑
l=0
1
(2l)!
ϕj,1[l]k
2lǫ2l +O(ǫ2N ), ϕj,1[l] =
∂2lϕj,1
∂ǫ2l
(x, y, t, 0),
ϕj,1[0] = ϕj,1(x, y, t, 0), 1 ≤ j ≤ 2N, 1 ≤ k ≤ N, 1 ≤ l ≤ N − 1,
ϕj,N+k(x, y, t, ǫ) =
N−1∑
l=0
1
(2l)!
ϕj,N+1[l]k
2lǫ2l+O(ǫ2N ), ϕj,N+1[l] =
∂2lϕj,N+1
∂ǫ2l
(x, y, t, 0),
ϕj,N+1[0] = ϕj,N+1(x, y, t, 0), 1 ≤ j ≤ 2N, 1 ≤ k ≤ N, 1 ≤ l ≤ N − 1.
We have the same expansions for the functions ψj,k.
ψj,k(x, y, t, ǫ) =
N−1∑
l=0
1
(2l)!
ψj,1[l]k
2lǫ2l +O(ǫ2N ), ψj,1[l] =
∂2lψj,1
∂ǫ2l
(x, y, t, 0),
ψj,1[0] = ψj,1(x, y, t, 0), 1 ≤ j ≤ 2N, 1 ≤ k ≤ N, 1 ≤ l ≤ N − 1,
ψj,N+k(x, t, ǫ) =
N−1∑
l=0
1
(2l)!
ψj,N+1[l]k
2lǫ2l+O(ǫ2N ), ψj,N+1[l] =
∂2lψj,N+1
∂ǫ2l
(x, y, t, 0),
ψj,N+1[0] = ψj,N+1(x, t, 0), 1 ≤ j ≤ 2N, 1 ≤ k ≤ N, N + 1 ≤ k ≤ 2N..
Then we get the following result :
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Theorem 2.3 The function v defined by
v(x, y, t) = −2
| det((njk)j,k∈[1,2N])|
2
det((djk)j,k∈[1,2N])
2
(19)
is a rational solution to the Johnson equation (1), where
nj1 = ϕj,1(x, y, t, 0), 1 ≤ j ≤ 2N njk =
∂2k−2ϕj,1
∂ǫ2k−2
(x, y, t, 0),
njN+1 = ϕj,N+1(x, y, t, 0), 1 ≤ j ≤ 2N njN+k =
∂2k−2ϕj,N+1
∂ǫ2k−2
(x, y, t, 0),
dj1 = ψj,1(x, y, t, 0), 1 ≤ j ≤ 2N djk =
∂2k−2ψj,1
∂ǫ2k−2
(x, y, t, 0),
djN+1 = ψj,N+1(x, y, t, 0), 1 ≤ j ≤ 2N djN+k =
∂2k−2ψj,N+1
∂ǫ2k−2
(x, y, t, 0),
2 ≤ k ≤ N, 1 ≤ j ≤ 2N
(20)
The functions ϕ and ψ are defined in (14),(15), (16), (17).
3 Explicit expression of rational solutions of order
5 depending on 8 parameters
We construct rational solutions to the Johnson equation of order 5 depending on
8 parameters.
We give patterns of the modulus of the solutions in the plane (x, y) of coordinates
in function of the parameters ai and bi, for 1 ≤ i ≤ 4 and time t.
The (x; y) plane is the horizontal plane. To shorten the text, one cut certain
characters of the figures and one made appear only the letter y of the (x; y) plane.
Figure 1. Solution of order 5 to (1), on the left for t = 0; in the center for t = 0,
a1 = 10
3; on the right for t = 0, a2 = 10
3; all other parameters not mentioned
equal to 0.
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Figure 2. Solution of order 5 to (1), on the left for t = 0, a3 = 10
3; in the center
for t = 0, a4 = 10
3; on the right for t = 0, b1 = 10
3; all other parameters not
mentioned equal to 0.
Figure 3. Solution of order 5 to (1), on the left for t = 0, b2 = 10
3; in the center
for t = 0, b3 = 10
3; on the right for t = 0, b4 = 10
3; all other parameters not
mentioned equal to 0.
Figure 4. Solution of order 5 to (1), on the left for t = 0, 01, a1 = 10
3; in the
center for t = 0, 1, a2 = 10
3; on the right for t = 1, b1 = 10
3; all other parameters
not mentioned equal to 0.
Figure 5. Solution of order 5 to (1), on the left for t = 0, 01, a2 = 10
3; in the
center for t = 0, 1, a2 = 10
3; on the right for t = 1, a2 = 10; all the other
parameters to equal to 0.
6
Figure 6. Solution of order 5 to (1), on the left for t = 0, 01, a3 = 10
3; in the
center for t = 0, 1, a3 = 10
3; on the right for t = 1, a3 = 10; all the other
parameters to equal to 0.
Figure 7. Solution of order 5 to (1), on the left for t = 0, 01, a4 = 10
3; in the
center for t = 0, 1, a4 = 10
3; on the right for t = 1, a4 = 10; all the other
parameters to equal to 0.
Figure 8. Solution of order 5 to (1), on the left for t = 0, 01, b1 = 10; in the
center for t = 0, 1, b4 = 10; on the right for t = 1, b1 = 10; all the other
parameters to equal to 0.
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Figure 9. Solution of order 5 to (1), on the left for t = 0, 01, b2 = 10
3; in the
center for t = 0, 1, b2 = 10; on the right for t = 1, b2 = 10; all the other
parameters to equal to 0.
Figure 10. Solution of order 5 to (1), on the left for t = 0, 01, b3 = 10
3; in the
center for t = 0, 1, b3 = 10
3; on the right for t = 1, b3 = 10
3; all the other
parameters to equal to 0.
Figure 11. Solution of order 5 to (1), on the left for t = 0, 01, b4 = 10
3; in the
center for t = 0, 1, b4 = 10
3; on the right for t = 1, b4 = 10; all the other
parameters to equal to 0.
In these constructions, we note that the initial rectilinear structure becomes
deformed very quickly as time t increases. The heights of the peaks also decrease
very quickly according to time t and of the various parameters. Because of the
structure of the polynomials, one notices that the modulus of these solutions tend
towards value 2 when time t and variables x and y tend towards the infinite.
The preceding solutions depends one parameters aj and bj for 1 ≤ j ≤ 4.
The Johnson equation allows explaining the existence of the horseshoelike solitons
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and multisoliton solutions quite naturally. The horseshoe multisoliton solutions
correspond very well to real waves observed in thin films of shallow water being
cooled along an inclined plane.
It should be relevant to give a physical meaning of these parameters and to give
an explanation of the evolution of the figures according to time in the (x; y) plane.
4 Conclusion
We succeed in obtaining rational solutions to the Johnson equation depending on
2N−2 real parameters. These solutions can be expressed in terms of a ratio of two
polynomials of degree 2N(N + 1) in x, t and 4N(N + 1) in y. Here we have made
the study of rational solutions of order 5 depending on 8 parameters and tried to
describe the structure of those rational solutions.
In the (x; y) plane of coordinates, various structures appear. But, contrary to the
rational solutions of the NLS or KP equations, there are not well defined structures
which appear according to the parameters ai or bi. Thus, one cannot carry out
a classification of these solutions here, according to the parameters by means of
their module in the plan (x, y). It would be important to better understand these
structures.
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Because of the length of the complete expression, we only give the explicit expres-
sion of the rational solution of order 5 to the Johnson equation without parameters.
It can be written as
v(x, y, t) = −2
|n(x, y, t)|2
(d(x, y, t))2
with
n(x, y, t) = A(x, y, t) + iB(x, y, t), d(x, y, t) = C(x, y, t) + iD(x, y, t),
A(x, y, t) =
30∑
k=0
ak(y, t)x
k, B(x, y, t) =
30∑
k=0
bk(y, t)x
k, C(x, y, t) =
30∑
k=0
ck(y, t)x
k, D(x, y, t) = 0.
a30 = 237376313799769806328950291431424, a29 = (593440784499424515822375728578560 y
2+170910945935834260556844209830625280)t, a28 =
(717074281270137956618704005365760 y4+398792207183613274632636489604792320 y2+59477009185670322673781785021057597440)t2+
2670483530247410321200690778603520, a27 = (557724440987885077370103115284480 y
6+448641233081564933961716050805391360 y4+
129208675127490700980974222631952711680 y2+13322850057590152278927119844716901826560)t3+(6231128237243957416134945150074880 y2+
2592149346693486285112137182431150080)t, a26 = (313719998055685356020683002347520 y
8+324018668336685785639017147803893760 y6+
134991162131653093463147451731222200320 y4+26875404426518065804042638307446164029440 y2+2158301709329604669186193414844138095902720)t4+
(7010019266899452093151813293834240 y4+5084600641591069251566115242461102080 y2+1098273738583670958338280892371598049280)t2−
23366730889664840310506044312780800, a25 = (135945332490796987608962634350592 y
10+168759723092023846686988097814528000 y8+
90293202243156438931406111854685061120 y6+26004442246029054412244960214149297602560 y4+4031310663977709870606395746116924604416000 y2+
269356053324334662714436938172548434368659456)t5+(5062791692760715400609642934435840 y6+4698270690881943891765748643156459520 y4+
1884293178942572722639207413382643712000 y2+282191746478439690942447702228184722309120)t3+(−50627916927607154006096429344358400 y2−
9197145278172081146215179041510522880)t, a24 = (47203240448193398475334248038400 y
12+67503889236809538674795239125811200 y10+
43427502075680803214118270504271872000 y8+16064413551241765670934951498586647429120 y6+3602050732165268541791825828706326151168000 y4+
464406988490232177093856789952669714428723200 y2+26935605332433466271443693817254843436865945600)t6+(2636870673312872604484189028352000 y8+
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14+
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(−2869878764541192789438128424222720000 y6−2631079293969454978437786523341422592000 y4−740007075894827140651896648912976478208000 y2−
65344461005960008162043754284990009966592000)t3+(23039961762379683559288811349344256000 y2+4029884826058822522050648667292958720000)t, a18 =
(2302737955713595600168550400 y24+4939611129276943279147764940800 y22+5361124612308575772301707549081600 y20+
3861400715356178943284637445946081280 y18+2044712556120922807769011899875972874240 y16+835753879962655998749094971326964925726720 y14+
269867410427775928571014227638994494910627840 y12+69320769819622539160244933301743778799477063680 y10+14067023563413913119513627407245648097851358576640y8+
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(565997108562983084069014732800 y20−362238149480309173804169428992000 y18−1148774202788815566943019529456844800 y16−
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